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Abstract
In the past five to ten years, structure-preserving methods have risen in popularity in the finite ele-
ment community. With roots in geometric integrators and finite element exterior calculus, structure-
preserving methods conserve a particular physical quantity of the underlying system. Typically, one
begins with a variational problem posed in function spaces that appear in a differential complex (e.g.
the de Rham complex) and chooses discrete spaces that form a (discrete) complex with the same
structure. Such a choice will necessarily preserve certain constraints, like Gauss’s law in electro-
magnetism. However, for some problems, like incompressible flow problems, constructing discrete
spaces that form a complex is a nontrivial task. Without assumptions on the mesh structure, high-
order elements are often required.

In these lectures, we will focus on elements that preserve the divergence constraint arising in incom-
pressible flow and how various properties of these elements arise in both elasticity and fourth-order
problems. In particular, we will address the uniform stability properties of the 2D Falk-Neilan and
Scott-Vogelius elements in the context of the Stokes equations and how to construct efficient pre-
conditioners. Perhaps surprisingly, these stability properties provide a mathematical explanation for
locking in primal discretizations of nearly incompressible linear elasticity. Similar analytical tech-
niques also allow us to show that symmetric H(div)-conforming tensor-valued elements that arise
in mixed forms of elasticity and Reissner-Mindlin plates are uniformly stable with respect to poly-
nomial degree. Finally, we turn to fourth-order problems where we develop a scheme to compute
conforming discretizations using standard software without implementing C1-continuous elements.

The lectures are structured as follows:
1. Divergence-free elements for Stokes: Review of differential complexes and inf-sup conditions.

Falk-Neilan and Scott-Vogelius elements. Constructing inverses of the divergence operator. Op-
timal error estimates. Preconditioning saddle point problems and augmented Lagrangian pre-
conditioners.

2. Locking in linear elasticity: Robustness for low-order vs. high-order methods. Mesh topology
affects robustness. Relation to Scott-Vogelius elements and locking-free estimates. Precondi-
tioning parameter-dependent problems.

3. The elasticity complex and discertizations: Hellinger-Reissner formulation of elasticity. The elas-
ticity complex and boundary conditions. Arnold-Winther and Hu-Zhang elements. Uniform sta-
bility. Brief comments on technical tools.

4. Computing conforming solutions for fourth-order problems: Difficulties with C1 elements, partic-
ularly for C1 splines in 3D. Numerical examples of the vibrating plate problem and convergence
tests for 3D elements. Novel mixed form for fourth-order problems and structure-preserving dis-
cretizations. Implementation via iterated penalty method.
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